We introduce the task of privately decoupling two quantum systems, corresponding to the situation where the amount of correlations that can be transferred into the environment during the decoupling process is constrained (from above) by a privacy parameter. Such a constraint leads to a non-trivial scenario where there exist ineliminable correlations that cannot be truly erased, but merely moved from the system into the environment. We prove tight upper and lower bounds on the amount of ineliminable correlations present in a given bipartite quantum state and show that in the i.i.d. case ineliminable correlations are asymptotically measured by (the positive part of) coherent information, hence providing coherent information with an alternative interpretation. We finally speculate about the possibilities of ascribing the hereby proposed dichotomy eliminable/ineliminable correlations to some more fundamental classical/quantum dichotomy.
Introduction
The task of decoupling (under various constraints) a given bipartite quantum state-i. e. producing a factorized state out of a correlated one-has been recently recognized as relying at the heart of quantum information theory. In particular, both protocols of state merging [1] and state redistribution [2] , from which almost all known coding theorems can be derived as corollaries, are based on decoupling arguments, and decoupling procedures form the building blocks of many recently constructed coding theorems achieving quantum capacity [3] . In fact, this point of view parallels somehow the point of view of quantum cryptography, where to achieve decoupling from another party means to achieve security against that party [4] .
Besides the above mentioned successes in quantum coding theory, the study of different forms of decoupling [5, 6, 7, 8] is useful also in providing some further insight into the structure of correlations that quantum states can exhibit. The basic idea is that, by imposing appropriate constraints on the decoupling procedure, one can get information about e. g. the strength of correlations that are to be erased. Our contribution follows these research lines by studying a particular decoupling scheme, where the constraints are given neither in terms of resources required to erase correlations, as done in Ref. [6, 7] in the spirit of Landauer's principle, nor in terms of symmetries that the decorrelating map has to satisfy, as done in Ref. [8] : here instead we focus on one aspect which has never been taken into account before, namely, on the fact that during the decoupling process some correlations are in general transferred from the system into the environment. We then require these jettisoned correlations to be "not too many", with respect to some privacy parameter. In other words, we want to achieve a sort of correlations shredding, as we require correlations to be truly destroyed and not simply transferred somewhere else (as done, for example, in Ref. [7] ). Such a requirement, implicitly regarding local private randomness as a resource, will turn out to induce an optimization problem with a non-trivial solution.
In the following we will rigorously introduce the task of private decoupling and show that, corresponding to non-trivial values of the privacy parameter, correlations in a quantum state can be divided into those that can be eliminated (while keeping the jettisoned correlations under the privacy threshold) and those that cannot. We will provide tight upper and lower bounds for both eliminable and ineliminable correlations. We will moreover analyze the asymptotic i.i.d. scenario, where we are allowed to operate at once on many identical and independent copies of a given state: in this case, and corresponding to one specific value of the privacy parameter, we will be able to exactly calculate ineliminable correlations as amounting to coherent information. Finally, before concluding the paper with a number of speculations about possible relations between the dichotomy of total correlations into eliminable and ineliminable ones versus alternative dichotomies [6, 9, 10 , 11], we will explicitly characterize some classes of states which can be perfectly and privately decoupled.
Notation
All quantum systems considered in the following are finite dimensional, in the sense that their attached Hilbert spaces H are finite dimensional. We use Greek letters like ψ, Ψ, · · · for pure quantum states, while letters like , ς, τ, · · · are reserved for mixed states. The usual ket-bra notation |ψ ψ| denoting the rank-one projector onto the state |ψ is generally abbreviated simply as ψ. Roman letters at the exponent of a quantum states denote the systems sharing the state, for example, AB is a mixed state defined on the composite system AB, carrying the Hilbert space H A ⊗ H B . Where no confusion arises (or it is not differently specified), omission of a letter in the exponent indicates a partial trace, namely,
The von Neumann entropy of a quantum state (expressed in qubits) is given by S( ) := − Tr[ log 2 ]. For bipartite states, we also have the coherent information [12] I A→B c
and the quantum mutual information [13]
Sometimes, when the quantum state for which entropic quantities are to be calculated is clearly understood, we will use the abbreviated notation, for example, S(A) := S( A ), and analogously,
Definitions of decoupling: previous approaches and motivations
Suppose two players, Alice (A) and Bob (B), share a bipartite quantum state AB . We say that they are decoupled if and only if AB = A ⊗ B . If the initial state is not decoupled, a decoupling procedure aims at transforming the initial state AB into (something close to) a factorized state. It is clear that, without imposing any constraint on the decoupling procedure, the whole task is trivial: one can always prepare, even locally, a perfectly decoupled state after having discarded the input. The main point is then to choose appropriate constraints making the best decoupling strategy non-trivial. In the following, before presenting our decoupling task, we will review two different types of decoupling tasks usually adopted in the literature. A first decoupling task is introduced through information-theoretical arguments. Refs. [6, 7] prove, with analogous (though inequivalent) arguments, that quantum mutual information I A:B ( AB ) provides an operational measure of total (both classical and quantum) correlations shared between A and B. In particular, the approach to decoupling adopted in Ref. [7] is related with the theory of private quantum channels [14] and aims at constructing a decoupling map of the form
such that (D A ⊗ id B )( AB ) is close to some factorized state ω A ⊗ B . The adopted constraint is to use in (3) the smallest possible number N of unitary operators (indeed, the average over the whole special unitary group SU(d) achieves perfect decoupling, but it requires an infinite amount of randomness to be added). Clearly, the number N can in general depend on the input state AB . In Ref. [7] , it is proved that, in the i.i.d. asymptotic limit, N can be made as small as 2 nI(A:B) , where n is the (large) number of copies of AB provided. Following Landauer's principle, quantum mutual information is interpreted as the total amount of correlations per copy, being the cost (measured in bits of extra-randomness borrowed from a randomness reservoir) needed to decouple a state. A similar, though not equivalent, conclusion can be drawn as a special case of the general setting introduced in Ref. [6] , where a class of transformations different from (3) is considered (in particular, classical communication between the two parties is taken into account in an essential way). Ref. [6] interprets quantum mutual information as a particular type of quantum deficit, being the entropy production caused by a decoupling process consisting of local unitaries and local orthogonal measurements only. A second, more algebraic, definition of decoupling task is adopted in Ref. [5, 8] : here the input state AB is drawn from a non-trivial set of possible input states (constructed as the orbit of different seed states under the action of a unitary representation of a group), and the decoupling map, which can act globally, is required to achieve prefect decoupling always (there is no approximation here). These requirements are shown to imply that, when the input set structure is sufficiently rich, the optimal map cannot be different from the completely depolarizing channel which transforms every state into the maximally mixed one. There exist however non-trivial input sets for which a non-trivial decoupling map can be found [8] .
The approach we propose here is independent of both previously mentioned approaches. The main difference is that during the decoupling process (in this paper we will consider the simplest case, namely, the decoupling process will consist of a local map applied by A only, B playing here the role of a passive reference) we will monitor not only the decrease of correlations between A and B, but also the possible increase of correlations between the environment (causing the decoupling) and B. In fact, it is not difficult to see that the group-averaging channel of the form
of which Eq. (3) aims at being a faithful approximation, when applied on A, does not truly destroy correlations between A and B, but simply transfers them to the environment, so that B is no more correlated with A, but is correlated with the environment. This can be explicitly seen by writing the Stinespring purification [15] of the channel R as an (essentially uniquely defined) isometry
where Ψ + is a maximally entangled state. One can check that indeed it holds
On the other hand,
In other words, the induced channel A → A 3 is noiseless: all correlations initially shared with B are now perfectly transferred to the environment subsystem A 3 . (In fact, exactly the same perfect information transfer happens with all channels preparing some fixed state regardless of the input.) The natural question is: can we do better than this? In other words, are there situations where we can truly eliminate correlations, without merely "jettisoning" them into the environment? The answer is non-trivial and depends on the form-more than on the strength-of the correlations present in the initial state. Let us consider, as a motivating example, an extreme case: suppose that the initial shared state is a pure state |Ψ AB . Again, due to Stinespring's theorem [15] , whatever deterministic transformation Alice could engineer can always be represented by an isometry V A : A → A 1 A 2 , with V † A V A = 1 1 A , the share A 1 being Alice's output, the share A 2 being the environment. In other words, the initial bipartite pure state |Ψ AB gets transformed into the tripartite pure state
Thanks to the identity [4]
where ψ XY Z is a tripartite pure state, we see that
that shows that, if the initial state is pure, total correlations cannot be eliminated but only moved from one system to another: pure state correlations constitute a conserved quantity. We will see in the following that, even moving away from the special case of pure bipartite states, also mixed states generally contain a portion of correlations which is conserved. Characterization and quantification of this ineliminable portion constitute the main aim of the rest of the paper.
Private decoupling
Suppose the system A shares the bipartite state AB with another system B. As already mentioned, Groisman, Popescu, and Winter in Ref. [7] showed, with operational arguments, that the total amount of correlations-i. e. both classical and quantum-in AB can be effectively measured by the quantum mutual information I A:B ( AB ). Our task is now the following: Alice wants to reduce her correlations with Bob, however without transferring "too many" of them into the environment. In this sense, Alice is interested in finding a way to achieve a sort of "private decoupling". Privacy, in this sense, has to be defined in terms of some sort of "privacy parameter". We will describe Alice's operation as an isometric embedding
The embedding V A identifies two subsystems A 1 and A 2 , the first one playing the role of Alice's output share, the second one playing the role of the environment. We want to characterize the quantity
where superscript A → B is to remind that we are considering the situation where Bob is passive, and the positive finite parameter t is there essentially to exclude the case analyzed in Ref. [7] where
Notice that, due to definition (12) , Alice can achieve perfect private decoupling, that is Ξ A→B ( AB , t) = 0, if and only if both her output and environment are completely decoupled from Bob (clearly, the joint system A 1 A 2 remains correlated with Bob, since the evolution is unitary). This means that, if Ξ A→B ( AB , t) = 0 is achieved for some t, then it is achievable for all possible t. In this case, we will simply say that the state AB admits perfect decoupling, or that the correlations present in AB can be perfectly eliminated.
Definition 1 (t-ineliminable correlations)
Given a bipartite quantum state AB , the amount of t-ineliminable correlations, by local actions on A only, is defined as the quantity Ξ A→B ( AB , t) in Eq. (12) . Correspondingly, t-eliminable correlations amount to I A:B ( AB ) − Ξ A→B ( AB , t).
Few properties at first glance
Already from the definition (12), we can see that Ξ A→B ( AB , t) is invariant under local unitary operations, that is
Moreover,
since all the values of I A 1 :B (ς A 1 A 2 B ) that are achievable with the constraint
are also achievable with the looser constraint
, but not viceversa, while the upper bound on the r. h. s. is trivially achieved when Alice does nothing at all, in such a way that I A:E (ς AB E ) = 0. Finally, for pure initial states |Ψ AB , due to the conservation equation (10), it holds the lower bound
Remark 1 The cases where t = 0 or t = 1 in Eq. (12), the first corresponding to a perfectly private decoupling, the second to an advantage preserving decoupling, naturally stand out as threshold cases among other possible values of the security parameter t. In the following, most results will concern 1-ineliminable correlations, for which we will simply speak of ineliminable correlations and that will be denoted as Ξ A→B ( AB ), omitting the argument t = 1 for sake of clarity.
Private local randomness is a resource
Implicitly, by giving Alice the possibility of performing every local isometry V A , we are providing her with free access to local pure states: indeed, an isometry is nothing but a unitary interaction with some pure ancillary state.
On the contrary, think for a while to the opposite situation, like the one considered in Ref. [6, 16] in the context of local purity distillation, where Alice is granted unlimited access to private local randomness, that is, she can freely create maximally mixed states factorized from all other parties taking part (either actively or passively) into the protocol. Within this second scenario, suppose Alice and Bob initially share some bipartite two-qubits state AB . Since we allow local private randomness for free, we can actually consider the state
whereÃ ∼ = C 4 belongs to Alice, namely, Alice happens to be provided with two extra-bits of private randomness. The idea is now simple: Alice can use these two extra-bits in order to privately decouple A from B, without borrowing randomness from the environment, which could cause-as it happens in Ref. [7] -a net transfer of correlations into it. The decoupling isometry VÃ A :ÃA →ÃA Alice has to perform is given by
where
, it is easy to check that
that implies ΞÃ A→B ( Ã AB , t) = 0, for all t. Then, no matter how entangled is the state AB , two extra-bits of private randomness inÃ suffice to perfectly decouple any two-qubits state shared between A and B, in agreement with Ref. [7] . In other words, if private local randomness is provided for free, private decoupling turns out to be always trivially achievable: in this sense, the framework of private decoupling implicitly assumes that local private randomness has to be considered as a resource. This point of view is also motivated and supported by the difficulty of creating true randomness, even if a quantum computer is available [17] . We remark here that, from the preceding example, one should not jump to the conclusion that, in order to perfectly eliminate n bits of total correlations, at least n bits of extrarandomness are always needed: it is indeed possible to perfectly decouple a maximally pure state of two qubits, hence carrying two bits of total correlations, using only one bit of extra randomness. See Section 7.5 for details.
Lower bounds
For ineliminable correlations, we can prove the following lower bound Proposition 1 It holds that
for all bipartite states AB .
Proof. Let us consider a purification |Ψ ABC of ρ AB . After the isometry V A : A → A 1 A 2 , the four-partite pure state |Υ 
By estimating I(B :
Exactly along the same lines, we have also
Now, since by definition of ineliminable correlations the bound I(A 1 : B) ≥ I(A 2 : B) is satisfied (that is, t = 1), we get
From the proof of Proposition 1 we can promptly obtain the following lower bound for 0-ineliminable correlations, namely, when prefect privacy is requested:
Proof. Eq. (23), in the case t = 0, or, equivalently, I(A 2 : B) = 0, implies
which, together with Eq. (22) , implies the statement. QED
Upper bounds
While the upper bound (14) does not give any interesting insight being achieved when Alice does nothing at all, in the case of ineliminable correlations we have the following, much more interesting one:
Proposition 2 It holds that
Proof. First of all, let us introduce the subset of isometries
where the vectors |m 's are orthonormal (the superscript denotes the space they span) while, from the condition M † A M A = 1 1 A , the generally sub-normalized vectors |φ A m must satisfy
i. e. they form a rank-one POVM. Notice moreover that
due to the particular form (28) . We then define
It clearly holds
The situation now is much simpler than before, especially because, as we already noticed, for Ξ A→B m ( AB ), we can forget about the constraint 1 A 2 B ) .
Before continuing, let us notice that, due to the particular form of the isometry (28), the resulting quantum mutual information I A 1 :B (ς A 1 A 2 B ) is equal to
where the states σ B m with their probability distribution p m are defined by
It is immediate to recognize in Eq. (33) the entropy defect [18] of the ensemble induced on subsystem A by the measurement of the POVM P A = {φ A m } m on subsystem A. In the following, we will denote such an entropy defect as χ( AB , P A ). In other words, we have that
and we want to prove that I A:B ( AB )/2 constitutes an upper bound for it. Let us consider the rank-one POVM
where both the sets {|e
j=1 form orthonormal bases for subsystem A, and they are chosen such that:
the reduced state Tr
and 2. the second basis {|ẽ A j } j is the Fourier transform of {|e A i } i , hence satisfying
Notice moreover that, being the POVM P A in Eq. (36) the "convex gluing" (in this case with equal weight 1/2) of two POVM's P A 0 and P A 1 put side by side (i. e., the measurements on the bases {|e A i } i and {|ẽ A j } j , respectively), it is not difficult to see that
The rest of the proof, showing that
follows the proof of Lemma 1 of Ref. [19] , with slight modifications (reported in the Appendix for sake of completeness) necessary in order to take into account a general bipartite state AB . QED Notice that Proposition 1 can also be rephrased as follows Corollary 2 Given a bipartite state AB , there always exists an isometry
Corollary 2, together with Eq. (15), implies in particular that
for all pure initial states |Ψ AB , namely, on pure states, ineliminable correlations equal the entropy of entanglement. This fact constitutes a further motivation for focusing the analysis on the threshold value t = 1 for the privacy parameter. On the other hand, no better upper bound than Eq. (14) can be given for 0-ineliminable correlations. Indeed, due to the conservation equation (10) , for pure states one gets Ξ A→B (Ψ AB , 0) = I A:B (Ψ AB ) = 2S(A), that is, pure states saturate the upper bound (14).
Asymptotic advantage preserving (t = 1) decoupling in the i.i.d. case
Thanks to their very definition and to the additivity of quantum mutual information, t-ineliminable correlations are subadditive in the sense that
since the r. h. s. can always be obtained using V A ⊗ VÃ, where V A and VÃ are the isometries separately achieving Ξ A→B (σ AB , t) and ΞÃ →B (τÃB, t), respectively. On the contrary, the l. h. s. could be achievable by a non-factorized isometry V AÃ only. In the following we will focus on ineliminable correlations, or advantage preserving decoupling, corresponding to the case t = 1 in Eq. (12) . Given an i.i.d. source ( AB ) ⊗n , we define the regularized amount of ineliminable correlations as
Thanks to extensivity of coherent information, Proposition 1 implies the following lower bound for regularized ineliminable correlations
The question is whether such a lower bound is achievable or not. The task is to find, for every n, an isometry V 
Proof. We again make use of the quantity Ξ A→B m ( AB ) defined in Eq. (31) for proving Proposition 2. We have Ξ A→B m
Let us consider a purification |Ψ ABC of AB . It is known that [20] Ξ A→B m
for all tripartite states |Ψ ABC , where E A is the entanglement of assistance [21] defined as
It is clear that Eq. (48) holds also in its i.i.d regularized version. All we need is hence contained in Ref. [22] , where the regularized entanglement of assistance was computed in the asymptotic 
Since, as we noticed,
we finally get the statement. QED We are hence in the situation sketched in Fig. 1 , where the meaning of the concept of ineliminable correlations is explained through an intuitive analogy with the mechanical compression of a gas, till its liquefaction to an ideal incompressible fluid. We remind the reader that such analogy should not be pushed too far and it has to be handled with care (like all analogies have to): in particular, correlations between A 1 and A 2 are completely neglected by such a simplified picture.
Remark 2 Thanks to Eq. (14), Ξ A→B ∞ ( AB ) = 0 implies Ξ A→B ∞ ( AB , t ≥ 1) = 0. However, we cannot draw the same conclusion for t < 1. In this aspect, the asymptotic case strongly differs from the one-shot situation. The reason is that the equality rigorously holds only in the limit n → ∞, while, for finite n, the protocol used in Proposition 3 in order to achieve Ξ A→B ∞ ( AB ) is constructed in such a way that one can have I(A ( AB ), remain. Pushing the analogy further, ineliminable correlations can then be thought as the "liquefied", hence incompressible, gas. Indeed, once reached this point, the only way to further decrease I(A1 : B) is by correspondingly increasing I(A2 : B) above I(A1 : B), which is impossible due to the constraint of the piston. It's worth stressing here that the whole process should be considered as invertible, since the evolution A → A1A2 is isometric. Also, we remind that correlations between A1 and A2 are not represented in the picture, as they do not appear in the definition (12).
Some examples
The following examples are presented in order to show that the notion of ineliminable correlations cannot be straightforwardly explained in terms of entanglement only, as soon as one leaves the pure state case. It is however very hard to find explicit counterexamples, as the minimization in Eq. (12) is difficult to be explicitly solved in general situations.
Pure states
As we mentioned after Corollary 2, for pure bipartite states |Ψ AB it holds
and
namely, ineliminable correlations equal the entanglement entropy.
Classically correlated states
When the shared state AB is classically A → B correlated, that is [6, 11] 
for orthonormal |i 's, then
that is, perfect decoupling can be achieved. This can be easily seen by applying on A the isometry
where |e i 's are orthonormal vectors such that | e i |j | 2 = 1/d A , for all i, j, namely, they are mutually unbiased with respect to the vectors |i 's used in the definition of AB .
Random-unitary channels
Let us consider a quantum system A, whose state is initially described be the density matrix σ, undergoing a channel T : A → A 1 . Let |Ψ AB be the purification of σ A , where the system B plays the role of a reference that does not change in time. Moreover, let W A : A → A 1 A 2 be the Stinespring's isometry [15] purifying the channel T , that is
Let us denote as |Φ A 1 A 2 B := (W A ⊗ 1 1 B )|Ψ AB the tripartite pure state finally shared among the output A 1 , the environment A 2 , and the reference B.
If the channel T is a closed evolution, namely, if it is described by one isometry only, then the reference B is completely decoupled from the environment A 2 . Let us suppose now that the only error occurring in the whole process is due to a classical shuffling, resulting in a classical randomization of different possible isometries: then, the resulting evolution will not be described by one particular isometry, as in the closed evolution case, but rather by a mixture of such isometries. This kind of noisy evolutions are called random unitary channels and act like
where p i is a probability distribution and V i : A → A 1 are isometries. The following questions arise naturally: which kind of correlations between the reference and the environment cause (or, depending on the point of view, are caused by) such a "classical" error? Which properties do these correlations satisfy? Can we ascribe a "classical character" to these correlations? It is known [23] that a channel R : A → A 1 admits (on the support of the input state σ) a random-unitary Kraus representation as in Eq. (59) if and only if there exists a rank-one POVM P A 2 on the environment A 2 such that
where we used the same notation as in Eq. (35) and defined τ A 2 B := Tr .) Hence, we can state that random unitary channels create, between the reference system B and the environment A 2 , correlations that are perfectly eliminable (that means for all t) with a local action on A 2 only.
Remark 3
It is important now to stress that, in general, the form of the reference-environment joint state τ A 2 B , originating from the purification of a random-unitary channel R : A → A 1 , can in principle be different from that of the classically A 2 → B correlated state in Eq. (55). In other words, random-unitary channels induce a class of perfectly decoupleable states that is in principle larger than the class of classically correlated states. Such a class exactly corresponds to the set of states σ A 2 B such that Ξ A 2 →B m (σ A 2 B ) = 0. In turns, the class of states σ A 2 B such that Ξ A 2 →B m (σ A 2 B ) = 0 is in principle strictly contained in the class of states σ A 2 B such that Ξ A 2 →B (σ A 2 B ) = 0. It would hence be interesting to characterize also the class of channels inducing perfectly eliminable correlations between the reference and the environment.
Separable states
Since separable states AB satisfy I A→B c ( AB ) ≤ 0 [24] , Proposition 3 states that
namely, separable correlations are, in the limit, eliminable (but, in general, non perfectly eliminable, see Remark 2) . Concerning the one-shot case, there seem to exist examples, at the moment found by numerical inspection only [25] , of separable states σ AB with Ξ A→B (σ AB ) > 0. On the contrary, there provably exist separable states τ AB with Ξ A→B m (τ AB ) > 0 (for the definition of such a quantity see Eq. (31) in the proof of Proposition 2). Such states stem from counterexamples of decohering evolutions which do not admit a random-unitary Kraus representation (59). An explicit counterexample of this sort is provided in Ref. [26] , and it induces a separable state τ AB acting on C 4 ⊗ C 4 , of the form
where the states |φ i are normalized but not orthogonal. Then, one can prove that there exists at least one state τ AB of the form (63) such that Ξ A→B m (τ AB ) > 0. However, since Ξ A→B m ≥ Ξ A→B , we cannot conclude that the same τ AB also contains a non-null amount of ineliminable correlations.
Mixed entangled states
We already saw, in Section 3.2, that there exist entangled mixed states that can be perfectly decoupled for all values of the privacy parameter t ∈ [0, ∞). We needed there two extra-bits of private randomness in order to perfectly decouple whatever two-qubits state, in agreement with the fact that a two-qubits state contains at most two bits of total correlations. However, before rushing to the conclusion that we always need at least n extra-bits of (private) randomness to (privately) eliminate n bits of total correlations, we should consider the following example [27] where just one extra-bit of randomness is required to perfectly decouple a maximally entangled pure state of two qubits (hence carrying two bits of total correlations).
Let us consider indeed the state acting on C 2 ⊗ C 2 ⊗ C 2 defined as
For this state, even ifÃ carries only one bit of extra-private randomness, one can show that ΞÃ A→B (σÃ AB ) = 0. The proof is easy, as the null value is achieved by the isometry MÃ A : AA → A 1 A 2 defined as
where |e 1 := |00 + |11 , |e 2 := |00 − |11 ,
In fact, the isometry MÃ A is coherently performing the measurement needed to teleport the maximally mixed state 1 1/2 fromÃ to B. Hence, for every outcome i, the reduced state on B is equal to 1 1/2, so that, written
, which yields ΞÃ A→B (σÃ AB , t) = 0, for all t ∈ [0, ∞).
8 Digression: "ineliminability" versus "quantumness" of correlations
Through advantage preserving decoupling (corresponding to the case t = 1 in Eq. (12), and analyzed when only Alice acts), we found a non-trivial division of total correlations, I(A : B), into ineliminable ones, measured by Ξ A→B , and eliminable ones, amounting to I(A : B)−Ξ A→B . At this point, it is tempting to speculate a bit about hypothetical relations between the division of correlations into ineliminable and eliminable ones, versus the division into quantum and classical correlations [6, 9, 10, 11] . We already saw how random-unitary noise, that is classical noise in the sense explained in Subsection 7.3, only induces perfectly eliminable correlations between the reference and the environment. Also, ineliminable correlations exhibit some sort of "quantumness", in the sense that, being upper bounded by one half quantum mutual information, and being equal to entropy of entanglement for pure states, they can be understood as a sort of entanglement parameter, that is not an entanglement measure, but, when sufficiently high, it implies the presence of genuine bipartite entanglement [28] . Moreover, ineliminable correlations satisfy the two axioms required in Ref. [11] for a measure of quantumness: they are zero for classically correlated states (55) and they are invariant under local unitary transformations.
Another interesting feature of ineliminable correlations is that, for every state AB , they always represent at most one half of the total amount of correlations, since Ξ A→B ≤ I(A : B)/2. This fact is to be compared, once again, with what happens for different measures of "quantum vs classical" correlations: according to different definitions, there exist quantum states exhibiting quantum correlations without classical correlations [29] , hence representing a strikingly counterintuitive situation (concerning this point, see also Ref. [10] ). On the contrary, accepting the definition of quantum correlations as the ineliminable ones, every quantum state would turn out to be always more correlated classically than quantum, hence reinforcing the common-sense intuition about correlations.
In spite of this encouraging list of properties, however, the existence of entangled (even maximally entangled!) states with perfectly eliminable correlations only (recall the examples analyzed in Sections 3.2 and 7.5) seems to stand as an insurmountable argument against the (maybe naive) statement "what is ineliminable is quantum". We however think that the dichotomy proposed here can contribute to the program of understanding the structure of quantum correlations, as coming from the operational paradigm of distant laboratories, versus the notion of entanglement, which is the formal property of not being separable.
Conclusions and open problems
We introduced the task of privately decoupling bipartite (AB) quantum states, corresponding to the situation where we require the amount of correlations with the reference (B) transferred into the environment (A 2 ) during the decoupling process to be upper bounded by a fraction t of those remaining in the output (A 1 ). In doing this, (1) we measured total correlations by means of quantum mutual information, (2) we considered local private randomness as a resource that does not come for free in the protocol, and (3) we analyzed the simplest scenario where only Alice acts against a completely passive Bob. The constraints have been adopted in order to forbid the decoupling from just swapping correlations from the system into the environment, as it is done instead in Ref. [7] . This sort of private decoupling naturally led to the notion of eliminable and ineliminable correlations, that are those correlations between A and B which can (resp. cannot) be erased without increasing the correlations between B and the environment above the allowed security threshold. Calculations of tight and achievable bounds to ineliminable correlations have been performed for particular values of the security threshold.
The analysis presented here is somehow preliminary, in the sense that many important aspects have not been completely addressed. In particular, it is impelling to generalize the strategy adopted here, where B is completely passive, to a more general strategy where both parties act to achieve private decoupling: in this case, while we probably are still allowed to preclude classical communication between the two (since we are manipulating total correlations), the corresponding definition of privacy seems to become more complicated, depending whether the local environments at Alice's and Bob's sides are considered to be part of the same quantum system or not. A second largely unsatisfactory aspect concerns the understanding of perfectly private decoupling, corresponding to the value t = 0 in Eq. (12): since we require perfect privacy, it is plausible that perfectly private decoupling behaves in a discontinuous way. It would be desirable then to consistently generalize the notion of perfect privacy in order to allow for an "approximately perfect privacy". Such a generalization could hopefully help in devising a decoupling procedure asymptotically achieving the best possible perfectly private decoupling for all initial states. These points, as well as others mentioned in passing by, are left open for future analysis.
and 
and since I XY :AB ≥ I X:AB + I Y :AB (due to independence of subsystems X and Y ), we have
which corresponds to Eq. (40). QED
